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ABSTRACT

p
In this paper we presentasevera] results for three different canonical

forms of Tinear prediction on a plane. These filters have causal, semicausal
and noncausal prediction geometries. Starting from their propertiesjz;>26;;;&ér
the problem of realization of these filters from a given power spectral density
function (SDF). Since it is not possible in general to obtain rational spectral
factors of a £wo dimensional SDF, ;é:;ropose algorithms for obtaining rational
approximations which are stable and converge to their limit (irrational) factors
as the order of approximation is increased. It is also shown that the normal
equations associated with the minimum variance two-dimensional prediction
filters give a useful algorithm for obtaining rational approximations which

are stable and converge to their unique limit filters. This result allows

design of finite order, stable filters by solving a finite number of equations
0/{

while realizing the given SDF arbitrarily closely.




I. INTRODUCTION

Many digital signal processing algorithms are designed for the processing
of random data. For instance, a digital image may be considered to be a sample
function of a discrete, wide sense stationary random field, which is described
in terms of its covariance function or equivalently the spectral density function
(SDF). Although algorithms such as Wiener filtering [1], transform coding of
images [2], etc. can be designed once the covariance function is given, it is
sometimes useful to obtain a linear difference equation representation of the
random field. The model, if sufficiently accurate, should realize the SDF of
the random field closely. Such models are useful in image coding, recursive
filtering, image synthesis, spectral estimation, etc.

These models can be realized by spectral factorization. In the one dimen-
sional (1-D) case, this involves factoring the SDF of the random process into
causal (recurs ve) and anticausal factors. The general techniques to do this
jnclude the Wiener-Doob method [3] and the linear prediction method [4]. The
principle of the Wiener-Doob method is to map the poles and zeros of the SDF
into singularities of the logarithm of the SDF. This allows easy decomposition
of singularities into those that are within the unit circle, and into those that
are outside, leading to minimum phase and maximum phase factors, respectively.
The linear prediction method fits successively higher order autoregressive models
to the given covariances by solving a finite set of Toeplitz equations. Under
some mild conditions on the given SDF, the SDFs realized by the models can be
shown to converge uniformly to the given SDF.

In two dimensions (2-D), spectral factorization is complicated by the lack
of a fundamental theorem of algebra. Whittle [5] recognized this difficulty,
and indicated a Wiener-Doob like technique for 2-D spectral factorization. This

fact seems to have been ignored until it was rediscovered by Ekstrom and Woods [6].




They provided an extension of the 1-D Wiener-Doob principle to 2-D to obtain
recursive filter designs from given frequency magnitude specifications. The
resulting infinite order causal factors were approximated to finite order by
using suitable truncation and windowing.

Subsequently, Marzetta [7,8] approached the spectral factorization problem
by extending the results of 1-D prediction theory to 2-D. The recursive factors
obtained here are of infinite order in at least one of the dimensions. Also,
the exact solution can only be obtained by solving an infinite set of linear
equations. A 2-D analog of Levinson's algorithm was devised to obtain the theore-
tically guaranteed solution. More importantly, it was shown that a one-to-one
relationship exists between the reflection coefficients obtained in the Levinson
algorithm, the associated prediction error filters, and the covariances of the
random field used in the algorithm. Also, it was proven that reflection coeffi-
cients given on a finite support yield finite support causal factors. These facts
were used to design an approximate spectral factorization algorithm where the
reflection coefficients are sequentially chosen on a finite lattice to minimize
a prediction error functional.

In [9], Jain studied a class of hyperbolic, parabolic, and elliptic partial
differential equations, and from their finite difference gqpproximations developed
finite order causal, semicausal, and noncausal representation for 2-D random
fields. In [10], higher order models were considered, and it was shown that the
coefficients could be obtained by solving a finite set of block Toeplitz equations.
Though a unique solution may be found for the model parameters, there is no one-
to-one correspondence between the coefficients and the covariances used in model
realization. Also, model stability is not guaranteed. The advantage, however,
is that only a finite Toeplitz set of equations need be solved.

An alternate method of obtaining models by factorizing the SODF, S(z1,zz) is

shown in [7,8] for the causal case and in [10] for both, causal and semicausal



cases. Here, a set of normal equations, parametric in z, must be sequentially
solved for larger and larger orders, resulting in factors which are irrational
in z;. Also in [10], the Wiener-Doob principle has been extended to obtain
semicausal representations.

In this paper we present several results concerning realization of noncausal,
semicausal and causal models by linear prediction principles. For each class of
models we present two types of algorithms, Al and A2. In algorithm Al we start

with the given power spectrum density function (SDF) to obtain infinite order

(irrational) realizations. A rationalization procedure is incorporated into the
algorithms to provide stable models. These algorithms will theoretically require,
as in all prior methods, solution of an infinite number of equations. A Levinson
type algorithm presented for semicausal models turns out to be an extension

of a similar algorithm {7,8] for causal models. The results for noncausal models
do not require spectral factorization.

The algorithms A2 yield approximate rational realizations of 2-D SDFs which

are obtained by solving finite number of equations. Our results give asymptotic
behavior of properties such as spectral match, stability, covariance match, etc.,
of these models as their order is increased to infinity. An important consequence
is that one obtains a practical procedure for designing stable causal, semicausal
and noncausal models which remain finite in order while matching the given
spectra arbitrarily closely.

In Section 11, we provide the necessary definitions and properties to aid
in the understanding of the subsequent sections. One dimensional noncausal models
are analyzed in Section III, since the considerations involved there lead to insight
into 2-D model bahaviour. In Section IV, we present results on realization of
2-D noncausal models, by solving finite order block Toeplitz equations. In Sections
V and VI, results for semicausal and 2-D causal models are presented. In Section

VII, we give examples verifying the theoretical results of the earlier sections.
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I1.

NOTATION, DEFINITION AND PROPERTIES

2.1 Notation

a) Two dimensional (2-D) sequences are denoted by u(i,j), e{i,j), etc;
where (i,j) are integers defined on a regular 2-D lattice.

b) Matrices are denoted by upper case letters, e.qg. U, A, R, etc. For
example,

U8 tu(ig) 51 <i<N, 1 <i<M

is a N x M matrix of elements u(i,j). The jth column of U is written
as u; and the (1‘,j)th element of U is written as u(i,j).

c) The transpose of U is denoted as UT. The complex éonjugate of U is
denoted as U*.

d) The z-transform of a sequence u(i,j) is denoted as U(z],zz). and
U(w],mz) denotes the z-transform evaluated on the unit circles,
‘z]‘ = lzg‘ =1.

e) The maximum lower bound of a function f(x) on a domain X is denoted

as inf[f(x)], and its minimum upper bound is denoted sup[f(x)].

2.2 Definitions and Properties

1) A discrete random field {u(i,j)} is a 2-D sequence of random variables

u(i,j). If the random variables are real and jointly Gaussian, then
it is called a real, Gaussian random field.

2) The random field {u(i,j)} is called wide sense stationary (or just

stationary) if its mean is constant, and its covariance is independent

of spatial translation, i.e.
E[U(i,j)] = u(isj) =y
cov[u(1,5)u(m,n)] & EQu(1,3) - w)(ulm,n) - )] = v, (1-m,3-n)

When there is no . ~~~r of ..nfusion, the subscript u will be dropped




3)
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from ru(-,-). Henceforth, we will consider real, zero mean, stationary

random fields.
The random field {u(i,j)} is called white if the random variables

u(i,j) are mutually uncorrelated, i.e.
. 2
ru(k,l) = g“8(k,2)

where 02 is the variance of the field and &8(k,2) is the Kronecker

delta function.

The spectral density function (SDF), S(z],zz) of {u(i,j)} is called

positive analytic (PA) [8] if S(w1,w2)>0 and if 5(21,22) is analytic in
a neighborhood of (z][ = (zzl = 1. Let this neighborhood be

r= {Y]<IZ~|'<]/Y1’ Y2<l22'<]/Y2; 0<Y] nde} (1)
Then,

a) S(z],zz) has a unique Laurent expansion [11] given by

S(z],zz) =¥ b r(k,z)z{kzil » Zys2y €T (2)

k== f=-w

b) Since S(w],wz) > 0, by continuity, there exists another

neighborhood
a = {a]<|z]|<1/a], a2<|22|<1/a2; 0<a],a2<1} (3)
where 5'1(21,22) is PA, and has the Laurent expansion

S'](z],zz) =¥ ¥ r'(k,z)z;kzé2 v ZpZy € (8)

k=0 Q==
c) Convergence of the series in (2) and (4) implies that the

sequences r(k,2) and r (k,2) are exponentially bounded:

Ir(k,a)] < avfKIy}H ¥(k,2) (5)

7 (k,0) | < Baf*la)?!

for some positive constants A, B.



d) The sequence of functions {rg(z])} defined as

A «_ 1 2-1
r(z) & rlkan)z, ‘Zm’flz?_lﬂ 2215(2,,2,)dz, (6)

k==-co

i) are analytic in the neighborhood {Y]<|z]|<1/y1}
ii) form a positive definite sequence on |z]| =1, i.e; for
any xk(z]) not identically zero,
kBT (2xg(2) > 0z =

This means that the Toeplitz matrix

'?O(Z]) r](z;]) ceea T (z]

Rq(z]) = l"](Z-I) (7)

N

r](z;‘)

L;'q(z.l) Y‘] (Z'l) "'()(Z])d

is Hermitian positive definite on ]z]|= 1.
e) The sequence {r(k,%)} is also positive definite.
The following definitions and properties associated with Tinear predic-
tion, which are discussed in greater detail in [10], will be needed here.
5) Let u(i,j) denote a linear prediction (LP) estimate of the random

variable u(i,j). Then

u(i,j) = r . a(m,n)u(i-m,j-n) (8)
m.n)eS

The a(m,n) are called the predictor coefficients and §. a subset of

the 2-D lattice is called the prediction region.




The geometry of S depends on the type of prediction estimate
considered, viz; causal, semi-causal or non-causal. With a hypo-
thetical scanning mechanism that scans sequentially from top to
bottom and left to right, the three prediction regions may be defined
as follows:

Causal Prediction:

§] = (m,n):{n>1,¥m} U {n=0,m>1} (9)

Semi-causal Prediction:

S, = (myn):{n>1,¥m} U {n=0,¥m#0} (10)

Non-causal Prediction:

§3 = (m,n):{¥(m,n) # (0,0)} (11)

Also, we define

S, = §i U (0,0) , i=1,2,3 (12)

The above prediction regions are depicted in Fig. 1. In practice,
only a finite number of nearest neighbor samples from prediction windows
ﬁic:§i can be used in the prediction. Prediction coefficients {a(m,n)}

defined on §i are said to have continuous support whereas if defined

only on the Qi they have discontinuous support.

The prediction windows ﬁi that we consider have rectangular support,

for convenience:

Wy = (m,n):{1<n<q,-p<mep & n=0,1<mep) causal (13)
Wy = (m,n):{0<n<q,-p<mep, (m,n)#(0,0)} semi -causal (14)
Q3 = (m,n):{-q<n<q,-p<m<p, (m,n)#(0,0)} non-causal (15)
Wy = W,U(0,0) , =1,2,3 (16)
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Causal Prediction:

Noncausal Prediction: 3

AN \@X\

AR

Fig. 1: Examples of Causal, semicausal and Noncausal
Prediction Regions




The prediction region §] in (9) is also called the non-symmetric half
plane (NSHP) in the literature [6].
6) The predictor coefficients a(m,n) in (8) must be chosen according to some

criterion. Minimum Variance Predictors are designed to minimize the

variance of the prediction error, i.e.

62 = min E[c2(1,3)]s e(i.3) & u(i.i) - U(i.j) (17a)

For Gaussian random fields, the predictor will be linear. The

orthogonality condition associated with minimum variance criterion is

E{[u(4,3) - ; _a(mm)uli-m,j-n)Ju(i-k,i-0)} = 826(k,2) ,
m,n ESX

(k,l)esx y x51,2,3
which gives

r(k,2) - L a(mn)r(k-me-n) = 8%s(k,8) , (k,0)eS; , i=1,2,3  (17b)

(m,n)eSi

If the prediction window has finite support ﬁi’ i=1,2,3, then the optimum
predictor will satisfy (17b) where the summation is over (m,n)eﬁi, i.e.,
r(k,8) - T almn)r(k-me-n) = 8%6(k,2) o (K,R)eS, , 21,2,3 (17¢)
m,neW.
i
Note that (17c) must be satisfied for v(k,z)esi:»wi by the finite support

optimum predictor.

7) A Stochastic Representation for a Gaussian field {u(i,j)} may be

written as
U(],J) = E("h]) + 5(193) (18)

where u(i,j) is an arbitrary prediction of u(i,i), and {e(i,j)} is
another random field such that (18) realizes the covariance proper-

ties of {u(i,j)}. Here we consider minimum variance representations
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(MVRs) where u(i,j) is chosen to be a causal, semi-causal or non-causal

minimum variance predictor. The difference in prediction geometries

determine the properties of the prediction error field {e(i,j)}. As

shown in [10], {e(i,j)} is

a) a white noise field for causal MVRs.

b) white in the causal dimension and correlated in the non-causal
dimension for semi-causal MVRs.

c) a correlated field for non-causal MVRs.

These properties are important because they point out that for semicausal

and noncausal geometries white noise driven models will not have the

minimum variance property.

A MVR as in (18) can be considered to be a linear difference equation

with input {e} and output {u}. The SDF of {u} is then given by

S (24s2,)
5, (27,2,) = ———2——— (19)
u A(Z«l ’ZZ)A(Z] ,Zz )
-m_-n
where A(z,,2z,) =1 - £ . a(m,n)z, z (20)
1°°2 (m,n)eSi 1“2

is called the prediction error filter (PEF) for any prediction geometry.

The MVR of (18) is stable in the bounded input, bounded output (B1BO)
sense if the PEF, A(21’22) satisfies certain conditions. For the three
prediction windows in (13-15), the MVR is stable if and only if

a) A(z],zz) £0 |z]lgl, 2, ==

causal (21)
A(Z1,12) 0 , lz]|=]’ |12| >1

p -m P q -m_-n
A(z,,2,) =1 - L a(m0)z, - Z z a{m,n)z, 2z
1222 el 17 peep nel 122
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b) A(zy,z,) # 0, lz]| =1, |22| > Semi-causal (22)
P P q
A(z],zz) =1- a(m,o)z{m - I z a(m,n)z{mzén
m=-p m=-p n=]
m#0
c) A(z],zz) £0 , [z][ =1, |22| =1 Non-causal (23)

Y q -m -n
A(zl,zz) =1 - mz- E_ a(m,n)z] Z,

(m,n)#(0,0)

Closely related to stability js the concept of minimum phase. A

stable causal filter is minimum phase if it has a causal stable in-

verse. A stable semi-causal filter is semi-minimum phase if it has

a stable semi-causal inverse. Marzetta [7,8] also considers analytic

minimum phase (AMP) filters i.e. minimum phase filters that are also

analytic in a neighborhood of the unit circles.

ONE_DIMENSIONAL NON-CAUSAL MODELS

First we present some results on 1-D non-causal representations with regard

to properties such as stability, correlation match, etc., to provide direct in-

sight into similar questions for 2-D representations. The 1-D non-causal

representations are important in their own right since they find application in

data compression and restoration of images using image transforms (for example,

see [13,14]). These results provide certain extensions of the theory of non-

causal models developed in [10].

A non-causal MVR for a Gaussian random process {u(k)} may be written

u(k)

u(k) + e(k) (24)

u(k)

[}

r a(f)u(k-2) (25)
2#0




- 11 -

where u(k) is the minimum variance prediction estimate of u(k) based on all the
past and future, and {e(k)} is the prediction error process. The associated

orthogonality condition, E[u(k)e(k)]=0, implies the normal equations
r(n) = £ a(2)r(n-2) + 8%5(n),  Vn (26)
2#0

2

where r(n) are the covariances of {u(k)} and g = min E[sz(k)]. If S(2) is the

SDF of {u(k)} then the above equation can be written as

S(z) = 8%/A(z) ., A(z) 81 - 1 a2t (27)
2#0

where A(z) is the PEF. The solution of (27) gives the parameters of the non-

causal MVR as [10]

a(z) = a(-2) = -r"(2)/r"(0)
" (28)
= 1/r7(0) = 1/ | 57 (w)d)

where r (2) are the Fourier series coefficients of S-](w). Unlike the auto-
regressive (AR) models where {e(k)} turns out to be a white process, in the
non-causal MVR it is non-white. This can be seen by multiplying (24) by

e(k-n) and taking expe:tations, which yields

r (n) = 8%6(n) - 82 T a(2)s(n-2) or S_(z) = 8%A(z) (29)
€ 2#0 €

Thus, the non-causal PEF is not a whitening filter for the process u(k).
In (25), the prediction estimate u(k) uses all the past and future samples of

th

u(k) in the prediction. If however, {u(k)} is a p~ order Markov process [15],

then
u(k) [{u(k-2) , 2£0} = u(k) |{u(k-2) , 1<j2|<p} . (30)

i.e. all the information needed for minimum variance non-causal prediction of
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u(k) is contained in the immediate p past and future samples of u(k).
Thus, the MVR of this process is finite order with {a(2)=0, }2|>p} .
The other parameters, 82. {a(2), |2]<p} can be obtained by solving a finite
subset of (26) corresponding to [n{<p. This solution will also satisfy (26)
for |n]>p. Egn. (26) implies {ul and {e¢ are uncorrelated with cross covariance
rue(k) = eza(k), and (29) implies that {e} is a moving average process with
S.(2) = BZA(z); A(z) =1 - g a(n)z™* (31)

=-p
240

Therefore, the SDF realized by this MVR is all pole and rational. Now, if

the SDF of {u} is irrational (but well behaved), a finite order MVR will not
exist for the process. In practice, therefore, one approximates the infinite
MVR by a finite order minimum variance prediction model. The considerations

involved in designing models can be examined in relation to the properties of

- p
h order minimum variance predictor, u(k) = I ap(z)u(k-l)

L£0
is used to predict u(k), and ep(k) is the prediction error, then one can write

finite order MVRs. If a pt

u(k) = u(k) + ep(k). The associated orthogonality condition gives

r(n) = g ap(z)r(n-z) + Bga(n) » In} <p (32)
=-p
L#0

where Bg = min E[sg(k)]

In matrix form, the above equation can be written as

_ 22
Rpgp Bplp (33a)
where
a = [-a(-p) oo ma(-1) 1 (1) ... -2 () (33b)
- T
lp =20 ciivrennnnns .. 0 1  + 0] (33¢c)
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r(0) r(-1) .covvnnnn. r(-2p))
r(l)
)
RP
(33d)

r(-1)

r(2p) r(1) r(0)

The solution of (33) yields the coefficients
2 _ -1
Bp = 1/[Rp ]p+1,p+1 (34)
.\ - o2rp-1
a (i) = -8 [R"); 041 (35)

If Rp is positive definite (as will be the case when S{w) > 0), a unique
solution exists. Now it can be proven that the SDF of the residual process

{ep(k)} is given by

s, (2) = [82 + 5, (2)]A(2) (36)
P p
where Sepu(z) is the cross SDF of {ep} and {u}. In general, no closed form
expression can be found for Sepu(z), and the residual process {ep} is not simply
th

a2 moving average. Thus, the p~ order non-causal predictor equation realizes the

SOF of {u} exactly as

5,(2) = (82 + S u(1/A(2) - (37)

As a representation for {u}, the exact predictor equation is not useful since

the forcing function {sp(k)} is inadequately characterized. A more practical

model for {u} is obtained by constructing a process {ii} with finite order MVR

u(k) = g ap(z)ﬁ(k-z) + €(k) (38)
L=-p
L#0
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where {€} is chosen to be a moving average with Sé(z) = BgAp(z). This MVR

will realize the rational, all pole SOF Sﬁ(z) = BglAp(z), and can also be
considered as a model for {u}. Leaving aside the important question of model
accuracy (for the time being), we formally write the definition of a model,
for noncausal MVRs.

Definition: A pth order minimum variance non-causal model for a process
{u(k)} is a finite order MVR for another process {{i(k)}, which is realized by
solving the normal equations (33) for {ap(l),sg} and forcing the representation
(38) by {2} with S.(z) = sgAp(z).

With models being formally defined, we state some properties of these.

Properties:
1 i) = -1 s 1 =1,2,...,
) ap(1) ap( i) i=1,2 p
This is so since R;I is persymmetric (symmetric about the cross diagonal)
and a, is proportional to the middle column of R;I.
2) 2 2
Bp_z 8p+1

i.e. {Bg} is a monotonically non-increasing sequence with increasing order
p. This is intuitively obvious since for stationary processes jnclusion

of more samples in the prediction cannot increase the prediction error.

th h

3) If {u} is p~ order Markov, then the pt order non-causal model js the non-

causal MVR of the process. This can easily be seen by noting that the SDF
of this Markov process is of the form S(z) = C/Ap(z) where C is a constant.
The inverse transform of this equation is of the form of (26). The subset of
this equation corresponding to |n|<p is exactly the realization equation of

h

the pt order model.

h

4) The definition of a pt order non-causal model implies that the spectral

estimate from the model can be taken as

Y4
§p(z) = Bp/Ap(z) (39)




- 15 -

This implies that the non-causal model will be stable if and only if
Ap(z) has no roots on the unit circle. Unlike the causal (AR) model,
where stability of the model is equivalent to the positive definiteness
of the covariance sequence, a corresponding result has not yet been
discovered for non-causal models.

5) The correlation matching property of AR models does not hold for these
non-causal models. In fact, examination of (33) and Property 1) shows
that 2p covariances are used to calculate p model coefficients. Hence,
given a set of admissible model coefficients, there exists an infinite
number of covariance sequences that will satisfy (33). Also, realization
of non-causal models does not require spectral factorization.

The questions regarding stability and correlation matching properties
which are measures of the goodness of the model are answered formally
in the following theorem.

Theorem 1: Let {u(k)} be a Gaussian random process with PA SDF S(z). Then the

following may be proven:

a) Convergence of PEFs: The sequence of non-causal PEFs

converges uniformly in some neighborhood of |z] = 1 to an analytic limit

PEF

1im Ap(z) = A(z)

pr
The sequence of prediction error variances converges to a positive lower '
limit, 82

2 _ 2 _ 1,1 ome-l
;12 Bp B 1/7; [ﬂS (w)dw




b)

c)

Iv.
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Stability: a pth order non-causal model is stable if and only if

A(z) #0 , Jz] =1
p
There exists some Po < such that
Ap(z) £0, lzf =1,p> Py -

Correlation match: By choosing p > po. the difference between the actual
covariances and the covariances realized by the model can be made arbi-
trarily small. The correlation match is exact either at p = = or at

P =P, if {u} is a Po order AR sequence.

The proof of this and all other theorems are qiven in the Appendix.

Remarks: Unlike the causal (AR) model, it is not true in general
for the non-causal models that stability of the pth order model guarantees
stability of the (p+1)St order model, This only holds true for p > Po

where Po is such that inf[A(w)] - ep >0 (see A-14). The behavior of 2-D
()

non-causal models is similar to the 1-D case, and the method of analysis

is almost paraliel and is presented in the next section.

TWO DIMENSIONAL NON-CAUSAL MODELS

A Gaussian random field {u(i,j)} has the non-causal MVR
u(j’J) = G(133) + C(i,j) (40)

u(ij)= I a(m,n)u(i-m,j-n) (41)

-

{m,n) cs3

where u(i,j) is the minimum variance prediction estimate of u(i,j) based
on all the past and future, and e{(i,j)} is the prediction error field. From

(17b) and in aralogy with (26)-(29) for the one dimensional case, we have

r(k,2) = r . a(m,n)r(k-m,2-n) + Bzé(k.l), v(k,2) (42)
(m,n) 633
S(21,2p) = 8/Mz;02p) 3 Alzgazy) =1 - = . a(mmzi"zy"  (43)

(m,n) eS3
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a(m,n) = a(-m,-n) (44)

The covariance of {e(k,%)} are given by

rE(k,l) = ezs(k,g) - 32 £ . a(m,n)8(k-m,2-n)
(m,n)sS3
or
5 (2):2,) = 8°A(z,,2,) (45)

implying that A(zl,zz) is not a whitening filter for {u(k,2)}.

The variance of the prediction error is given by

g2 = 1/—1§-fTT M S-l(wl,wz)dw du,

4l T 1 (46)

Paralleling the discussion leading to the definition of 1-D non-causal
models, we have a similar definition for the 2-D case.

)th order minimum variance non-causal model for {u(k,2)}

Definition: A (p,q
using the prediction window ﬁ3 is a finite order MVR for another process
{i(k,2)}.

Realization: With

u(i,j) = (m’ﬁ)sw3ap,q(m,n)u(i-m,j-n) + ep’q(i.J) (47)

the {a_ (m,n)} are chosento minimize E[eg q(k,z)] = Bﬁ Q' The associated ortho-

P.q
gonality condition yields the realization equation

r(k,2) = L

2
(m,n)eﬁ3 ap.q(m.n)r(k-m,z-n) + Bp’qd(k,z), (k,)eW,  (48)

In matrix notation, equation (48) can be written as

B2

Roa%p.a = Bp.alpaq (49a)

where Rp q is a doubly block Toeplitz, symmetric matrix defined as
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Rp’q
LZq "1 R
r(0,k) r(-1,k) vovvenenn... (-2p,k)]
r(1.k) \
Rk 4 \ F(-1.K) (49b)
g%Zp k) r(1,k) r(0,k) |
- T T T
Qp,q = [Lq cee 8y -e gq] 3
a, & [-a(-p,k) -a(-p+1,K)... -a(0,k) ... a(p,k)1’ (49¢)
a(0,0) 41 (49d)
T _ T AT T T T _ T
g0 ... 0 ...07, 1 - [00...010...0] (49%)

(q+l)St entry (p+1)St entry

If S(wl.wz) > 0 then Rp q is positive definite, ¥(p,q) and a unique solution

exists for the prediction coefficients in (49a) given by

2 _ Lo

Boq " 1/[R: ’q]k « 3 ko= q(2p1)+p+l (50a)
a_ (m,n) = -g2 (R R ] 3 & = (n+q) (2p+1)+m+p+l (50b)
P.q* "’ 0,9 p,q 2,k 3

Again, once the model coefficients are calculated, the field {&(i,j)} with




I
'
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Y4
$:(21,25) = Bo.q Ap,q(ll,zz), where

(21,2,) 8. fp’q(m,n)zimzén

A
P,q
(m,n)ew3

is chosen to drive the finite order MVR

u(isj) = b ap q(msn)ﬁ(i‘m’j'n) + E(i)j)

(m,n)sw3

which is the model for {u(i,j)}

Some properties of 2-D non-causal models are similar to those of 1-D

models, viz;

1) ap,q(m,n) = ap,q(-m,-n) )
(m,n) € W3
ap’q(‘m’n) = ap,q(m9'n)
2 2 2 2
2) B2 8pe1,q > Bp,q+l 2 Bpel,qel

3) If {u(k,2)} is a Markov field with SDF given by [15]

S(z,,z,) = ¢/ = b(m,n)z;Mz-"
1°°2 (m’n)€w3 1 72

then the (p,q) order non-causal model realizes this SDF exactly.
In other words, it is the non-causal MVR of the field, satisfying
the orthogonality condition over S3. In general, the (p,q) order
non-causal model can be expected to realize an arbitrary SDF only
approximately. This is due to the fact that orthogonality is satis-
fied only over the window w3 which is a subset of 83. Increasing
the order of the models may therefore be expected to give better
correlation match and spectral fit.

The following theorem shows finite order, stable MVRs can be realized to

achieve arbitrarily close correlation or spectral match.
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Theorem 2: Let {u(k,2)} be a Gaussian random field with PA SDF S(zl,z,).

Then the following may be proven:

a)

Convergence of PEFs: The sequence of non-causal PEFs

A (zl,zz) =1- 3 a (rn,n)zimzz'n

P,q maneliy P+

converges uniformly on lzll =1, |22] = 1 to the analytic limit PEF

A(zl,zz), i.e.

ool Posa(210z2) T Alzpzy) oIzl = 7] =

The sequence of prediction error variances {Bg q} converges monotonically
to a positive lower limit, 62.

2 21 el -1
(p]';l?_m Bp,q R [4“2 .fw J_'TT S (wl,wz)dwldwzj

Stability: A (p,q) order non-causal model is stable if and only if

ApalZz) =0 Izl = Izl =1

There exists some (po,qo) < » such that

AoqlZ1ezg) 20 5 zyl =z, =1 (psa)>(py.q,)

Correlation match: By choosing {(p,q) > (po,qo), the difference between

the actual correlations and the correlations realized by the model can

be made arbitrarily small. At (p,q) = =, the correlation match is exact.

Remarks- The above theorem is similar to the theorem for 1-D non-causal
models except for one difference. For the 2-D case, we have been able

to prove uniform convergence of the PEFs to the limit PEF only on the unit
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circles, whereas for the 1-D case, uniform convergence is obtained in a
neighborhood of the unit circle. This is due to the complexity introduced
by the added dimension. In any case, the result is still general since
for stability and correlation matching considerations, only convergence

on the unit circle is required.

V. SEMI-CAUSAL MODELS

Semi-causal models are recursive in one of the dimensions and non-
recursive in the other. In the following, we investigate methods of
realizing finite order semi-causal models that will match a given SDF
arbitrarily closely. The realization equations may be found in {10],
but we present them here for completeness. Unlike non-causal models
which do not require spectral factorization for realization, semi-causal
models are realized by factorization of S(zl,zz) in one of the variables,
corresponding to the causal dimension. The two methods of factorization
that we consider are distinct from one another. In the first method, the
SDF on its entire region of support is used to realize the model. We
present some theorems and use a Levinson type computational algorithm [8]
to obtain rational models.

In the second method, covariances given on finite windows are used to
design finite order models by solving a set of linear block Toeplitz
equations. This is similar to the 2-D non-causal case and similar con-

vergence results for the models are proven.

Characterization of Semi-causal MVRs:

The semi-causal MVR for a Gaussian random field {u(i,j)} can be written as

W(i,5) = T amo)u(i-md) + T 3 a(mm)u(i-mg-n) + e(i,d)  (51)
M= =00 n=]1 Mmoo
m#0

The orthogonality condition (17b) becomes
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r(k,2) = § a(mO)r(k-m2) + T T a(mn)r(k-m,e-n) + 8%6(k, 1), k:0,¥8  (52)
m=-co n=1 m=-w
m#0
Defining
ao(zl) 89 jlwa(m,O)zim (53a)
m#d

It can be shown that a(m,0) form a positive definite sequence, and that

-
a(m,0) = a(-m,0). This implies that a, ‘(zl) exists. Hence we may define

o0

an(zl) 8 ) a(m,n)zin , a

m==c

(z)) & a (2))/a5(z;) » n21 (53b)

and taking z-transform on both sides of (52) w.r.t. k, we obtain

a (zy)r, (z;) + Bzaal(zl)s(a) s 220 (54)

e~ 8

rQ(zl) =

n=1

In matrix form, the above can be written as

Folz)) ryz]h) (g T v ey

rl(zl) -al(zl) 0

rz(zl) -az(zl) 0

: r2(2i1) g = § : b(z)) e 2a{,l(zl)
: : : (55)
ry(z;h)

: rz(zl)rl(zl)ro(zl) E E

In the following we prove that an SDF may be uniquely factored as

Bzao(zl)

(56a)
A(z),2,)A(z] 12;")

5(21'22) =




- 23 -

where

: A(Zl’zz) =1 - n i)e§ a(m,n)zimzén s ao(zl) = A(zl,w) (56b)
’ 2

Then we show a computational procedure for solving (55) recursively to

obtain the factorization.

Theorem 3: Let the SDF S(zl,zz) be PA. Then it may be uniquely factored as
in (56), where the PEF A(zl,zz) is semi-minimum phase.

The following theorem gives a computational procedure similar to the 1-D
Levinson algorithm which recursively solves (54) to obtain the semi-causal

factors guaranteed in Theorem 3.

Theorem 4: Given that 5(21’22) is PA, the system of equations (55) can be

solved recursively according to the procedure given below for lzll =1,and g + = .

B0 L * (a) |

pl(zl) = rl(zl)/ro(zl) b initialization (b)

bolzy) = rolzy) (c)

For n = 1,2,...

Sn,o =1 (d)

an,i(zy) = a5y 5(21) - pn(zl)an-l,n-i(zil); [ 7
i=1,2,...,n=1 (e)

an,n(zl) = 0,(zy) (f)

b,(z,) = by _;(z))[1-p,(z))0, (27 1)] (9)

n-1
On(zl) = [rn(zl) - iil an-l,i(zl)rn—i(zl)]/bn-l(zl) (h)
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At each stage of the recursion,
n 1’22) =1- § 4 2(21)22

is analytic minimum phase and

Anzy525) = ap o(2))A (2,.2;)

is analytic semi-minimum phase. Here,

an,O(zl) L Bﬁ/bn(zl) 41-% a 0(m)zim

= =00

m#0

n,

At the qth step of the above recursions, the matrix equation to be solved is

- -1 -1 - - -

Po(zl) Y‘l(z1 ) I r‘q(z1 ) W 1 bq(zl)

rilz;) -34,1(2)) 0

T‘Z(Zl) ‘aq’z(zl) = g ’l21|=19 (58)
: r1(zil) :

_rq(zl) rl(zl) r‘o(zl)_J -SQQ(ZI)J s_o _J

Theorems 3 and 4 provide the theoretical basis for designing semi-causal
MVRs given the SDF of the random field. The theorems also point the way to
obtaining stable, finite order models from the generally irrational MVRs guaranteed
by the theorems. Rationalization is achieved in two steps: First, given the
{rz(zl)}’ the recursions in (57) are run to a value of q such that the PEFs
obtained approximate the SDF to a desired degree of accuracy. The behaviour

of the sequence {Bg} can be used as an indicator of the goodness of spectral

2
q

thereby determining the finite order in the z, variable. However, the PEFs are

fit. The recursions can be stopped when the decrease in 8 becomes marginal,

still irrational in the z variable.
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As far as the second stage of approximation is concerned, an attempt
to rationalize the coefficients {an(zl)} will in general Tead to unstable
models. This can be circumvented by examining the recursions of (57), which
shows that as long as the sequence of analytic functions {on(zl)}? have
magnitude less than unity on |21| = 1, the filters ﬁn(zl,zz) are guaranteed to
be AMP. It is possible to find polynomials {o:(zl)} with magnitude less than
unity on lzll = 1 which uniformly approximate the analytic functions {on(zl)}.
For example, a truncation and windowing (by Nn(k)) to a suitable length of the
Fourier coefficients, {on(k)} of {pn(wl)} exhibit such behaviour. We adopt
this procedure for rationalization. Also, in [8], it is shown that if S(zl,zz)

is PA, then the reflection coefficient sequence is exponentially bounded, i.e.

| k]

o, ()] < Aaos®l L n>0, ¥k, O<ay,ancl

This property allows us to truncate on(k) to shorter and shorter lengths as
n increases, while retaining stability. The following portions of (57) allow

us to reconstruct the finite order model:

a;,o(zl) =1, n=0,1,2,...,q (a) 1
an,i(zy) = a0y 5lz) - 02(21)3:-1,n~i(211)’
i=1,...,n-1 (b)
5:,n<21) = p;(z1) (c)
L (59)

By(2y) = rolz,) (d)
b, (2)) = B,_y(2))[1-0%(2)op(271)] (e)

P, )
where p;(zl) = I on(k)ZI (f)

=-pn

Ultimately, however, we are interested in the actual model coefficients,
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ah . = a; 0(21)$; 1-(zl). It now remains to find a rational approximation to

q,i

~ . . . r . ~ . . .

bq(zl) which will yield aq,O(zl)' Since bq(zl) is a PA function, we can fit
a finite order 1-D non-causal model (see Section III) that will approximate

Sq(zl) to the desired degree of accuracy, i.e.

by(zy) = B(zy) = &/al o(z))

This gives the desired finite order model that is semi-minimum phase. Finally,
it must be mentioned that the region of support of the predictor coefficients
will almost never be rectangular due to the convolutions involved in the re-
cursions [see Eqns. (57)]. Of course, this does not pose any limitation.

As an example, the predictor geometry is shown in Fig. 2 for g=3, with
the sequences {ol(k)},{oz(k)}, and {03(k)} truncated to p1=3, p2=2, p3=1
[see (59f)], respectively, and for a non-causal model order of p=3.

A flow chart of the rationalization procedure is shown in Fig. 3 for
convenience.

The above method of obtaining stable, semi-causal MVRs assumed complete
knowledge of the 2-D covariance sequence in one of the dimensions. The question
we address next is the problem of realizing stable semi-causal MVRs given
correlations on a finite 2-D window. Except for the difference in prediction
geometry, the methods involved are similar to the 2-D non-causal case.

For a prediction window such as wz, the semi-causal minimum variance model

can be written as

u(i,3) = T(HL5) + e o(52d) (60)

(i) & r _ a_ _(mn)u(i-mj-n) (61)
n

(m, )EQZ P,q

with min[E(eg q (i,i))] = Bg The normal equations (17c) written for the region
’ 1

q°
N2 give 0
rik,8) = £ a
m=-p P
m#0

P q
,q(m,o)r(k-m.l) + mi-p nil ap’q(rn,n)r(k-m.!z-n)'rsf;’qé(k,sz);(k,z)ew2 (62)
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a) Reflection Coefficient Geometry
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Example of PEF Support for Semicausal Models
Via the Rationalization Procedure
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) bo(k) = F {ro(ml)}
r q -
n=1 {pi(k) }i=l =[e, (W, (K, [k]< P,
0, o.w.
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Recursions
Equation {57)
no
pnzpn+l
n=n+l
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t
Levinsons Calculate {aq’l(zl)} by
Recursions, Levinsons Recursions
Equation (57) Equation (59)
1
Fit }-D Noncausal Model
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q
r
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Bq . aq'o(zl)
i
aq'i(zl)=aq'o(zl)aq'1(zl)
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q —
lpytoply,y
First Stage of Rationalization Second Stage of Rationalization

Fig. 3: A Method of Obtaining Finite Order Semicausal
Models Via Levinsons Recursions
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Defining a (0,0) 8 1, we may write the above equation in matrix form as

P»q
R a = 82 1 (62a)
p.a—P,Qq pP>aP,4
where
[Ro Ry Rop eoeeees R 4
Ry
)
3 : R_
Rp,q E 2 (62b)
: "1
th R2 R1 R0
r(0,K) r{=1,k) coveenenens r(-2p,k)
r(1,k)
R & . = RT (62c)
K : -k ¢
: r(-1,k)
r(2p,k) r(1,k) r(0,k)
T _ . J.7 T+ . - loaf- cal- _ - T
a4 " [go 8y seees gq] - [-a{-p,k) -af p+l.k) ... a(0,k) ... a(p,k)] (62d)
T T T AT AT T
= .o H = cee cen 6
UL ¢ B AR 1;1,=000...010 0] (62e)

(p+1St entry)

and Bg q > 0 exfsts for (62a) given by

2 -1
= 1/[R
®p.q ! p.q]p+1.p+1

(63a)
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= g gl . =
%p.q(MM) = By qlRp gli,prr 3 K = n(Zprl)mpr (630)

From equations (62), it is evident that covariances from a window twice
the size of W, are needed to calculate {ap,q(m,n)} on ﬁz. Hence, there is no
unigue correspondence between the predictor coefficients and the covariances
realized by the model. Also, stability is not guaranteed. These statements
were true for non-causal models realized by this method, and as we shall see,
will be true for causal models also. Theorems similar to Theorem 2 may be
proven for these mciels also. The method of proof is similar, with minor dif-

ferences arising from different prediction geometries.

Theorem 5: Let the Gaussian random field {u(k,2)} have a PA SDF, S(zl,zz).
Then, the following may be proven:

a) Convergence of PEFs: The sequence of semi-causal PEFs

_ -m_-n
Ap’q(zl,zz) =1 - T ’q(m,n)zl z,

a
p
(m,n)aw2

converges uniformly in the region Z, = {|21| =1, |22| > 1} to the ana-
1ytic semi-minimum phase PEF A(zl,zz).

The sequence of prediction error variances {Bﬁ q} converges mono-

tonically to a positive lower limit, 82
. 2 2 1 7 ,-1 2 -1
1im B = 8% = 1Y[= /_ d " (w)dw,] 5 d(wy) = 8%a7"(w,)
(p,q) P,q 2n =7 17771 1 0'"1

b) Stability: A (p,q) order semi-causal model is stable iff

Ap’q(zl9zz) #0, (21522) € Zl
There exists some (po,qo)< o such that

Ap’q(zlszz) £0, (21922) € Zl ’ (p’Q) > (poiqo)
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c) Correlation match: By choosing (p,q) > (po,qo), the difference between
the actual correlations and the correlations realized by the model can

be made aribtrarily small. At (p,q) = «, the correlation match is exact.

VI. 2-D CAUSAL MODELS

Causal models are recursive in both dimensions with an ordered definition
of past and future. Realization of these models from the SDF 5(21’22) requires
factorization in both, 3} and Z, variables. Similar to the semi-causal case,
we consider two methods of obtaining these models. Realization of these models
from the SDF on its entire region of support using the LP approach has received
attention in the literature [7-8]. Obtaining rational models has been considered
in [8] by way c© finite support reflection coefficient representation. The
method presented here rationalizes the reflection coefficients obtained in
the 2-D Levinson recursions to obtain finite order models. The other method
of obtaining rational models is to use covariances given on a finite window,
and solve a finite set of linear equations. Convergence and stability results
for models realized by this method are similar to the non-causal and semi-causal

results.

Characterization of Causal MVRs:

The causal MVR for a Gaussian random field {u(i,j)} is

[o -]

W(i.9) = § a(mO)u(i-m3) + T T a(mnju(i-mg-n) + c(i,5)  (64)
m=1 n=1 m=-co

The corresponding normal equations
r(k,2) = § a(m,0)r(k-m,2) + I I a(mn)r{k-m,e-n) + Bzd(k,z) s (k,z)esl (65)
m=1 n=1 m=-w

reduce in the zl-transform domain to
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r(zy) = Laten (2 ¢ 8%y (z))a5 (27 s (2) L w0 (66)

where Sn(zl), an(zl); n=1,2,... are defined in (53b) and

W
(=)
———
~N
b
-
e
-
]
Wi~ 8

a(m,O)zIm (67)

The proof of the existence of a unique solution to (66), which is
analytic minimum phase is similar to Theorem 3.
The procedure given in Theorem 4 can be directly used to find the causal
MVR except for the following differences:
1) {an’o(zl)} are minimum phase functions obtained by a second stage of
factorization in the 2] variable of the positive analytic functions

{bn(zl)} such that
b (z,) = 8%/a_ o(z,)a (27} (68)
n‘“l n" "' n,0'"1""n,0'"1
2) The PEFs {An(zl,zz)} defined as
An(zl,zz) = an,O(Zl)An(zl’zz) (69)

are now analytic minimum phase.

3) The rationalization procedure is the same as for semi-causal models,
except that a 1-D causal model is used to fit Sq(zl) as opposed to a
non-causal model.

Now we consider the problem of finding finite order causal nodels, given

covariances on a finite window. The normal equations for a (p,q) order causal

model is

p
r(k,2) = mZlap’q(m.o)'f(k-m.fz) + mj_p nzlap,q(m.n)r(k-m,fl-n) = g%5(k,2), (k,2)eW,  (70)
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In matrix notation, the above equation can be written as

R = g2

p,a%.a ~ Fp.alp.q (71a)
where
Ry REG R, v R ‘]
Ry Ry Ry cvvenen. R_q+1
Ry Ry
b
R =
Psq !
. -1
Rq Rg-1 Ry Ro
Ry is defined in (62¢c) and
rip,k) r{p-1,k) ........ r(-p,k)
o T 71b
Rk ; R =Ry (71b)
r(2p,k) r(2p-1,k) ........ r(0,k)
T a4, 7T.T.7 T A _ T
2. [go a1 8 eeeennn gq] » Qg (1 ap’q(l,o) ........ ap’q(p,O)] ,
ap’q(0,0) =1
aT 4 [-a_ (~p,i) ..... -a_ (0,i) ..... -a_ (p,i)]
| pP»q P,q p,q
T a7 o7 o7 T .
=[1 0 0 ..... , =f10..... 71c
g~ 00 0] L=0o 0] (71¢)

Given that S(wl,wz) > 0, a unique solution to the system of equations
(71) exists. Considerations such as convergence of PEFs, stability and
correlation match follow similar lines of reasoning as in the non-causal and

semi-causal case. We briefly state the results:
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1) The sequence of PEFs
p

A (z,,z,) = 1- a_ (m,0)z;" - E a_ (m,n)z;"z."
p.at?1°%2 R B ,21 p.al™n21'2;

converge uniformly to the limit PEF A(zl,zz) in the region
z=(lz;] =1, |z,] 21} U {[z,] > 1, 2, = =}

The sequence of prediction error variances converges monotonically
to a positive lower Timit

) 2 _ 2 T
1im B g- = exp[——§ /7 log S(wl,wz)dwl,dwz]

(D,Q)"“ P9 4n Ul

2) For some (p,q) > (po’qo)’ Ap’q(zl,zz) # 0 for (21,22) e Z, so that

the causal models of order (p,q) > (po,qo) are stable.

3) For (p,q) > (po,qo) the correlation match can be made arbitrarily small.

VII. EXPERIMENTAL RESULTS AND COMPARISONS

The folluwing provides a verification of the various theoretical results
obtained for 2-D stochastic models in the preceding sections. The results are
demonstrated for a covariance model that is often used in image processing viz;

2492 . .
For our simulations, we

the exponential isotropic covariance, r(k,)=p
have used p=0.9. A 5x5 portion of this covariance sequence is shown in Fig. 4.
Only the entries in the positive quadrant are given, since the other quadrants
can be filled in by symmetry. The SDF corresponding to this covariance sequence
is irrational and satisfies the PA assumption. Wherever required, z-transforms
were evaluated on the unit circle(s) using 256 point DFTs in 1-D and 256x256 DFTs
in 2-D.
Non-causal models were realized for this covariance sequence by solving

the linear block Toeplitz equations of (49) using an efficient recursive

algorithm [16]. The SDF corresponding to a (p,q) order model is
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2
B
Sp,q(zl’zz) - Ap q(zl.zzi
nere A (20020 =1- 5 ) (man)2 22"
where 2452 = - a m,njizZ, 2 .
p’q l 2 m:-p n:_q p’q 1 2
(m,n)#(0,0)

The covariances realized by the model, {rp q(k,l)} are obtained as the

L

inverse transform of Sp,q(zl,zz) .

Figure 5 shows the PEFs and the covariance mismatch for (1,1) and (1,2)
order non-causal models. Examination of the PEF for the (1,1) model seems to
suggest a four point model, but this is belied by the substantial covariance

mismatch obtained. The (1,2) model gives a smaller mismatch, and B% 2 < 8% 1

Results obtained for progressively larger models confirm the results of Theorem 2.
Infinite order spectral factorization was carried out to obtain the semi-

causal MVR using the Wiener-Doob factorization method. Details of this method

can be found in [10]. The coefficients of the PEF corresponding to the MVR are

shown in Fig. 6. Examination of the coefficients {a(m,0)} indicate that

e{(i,j)} is very nearly a first order moving average process in the non-causal

dimension.

Semi-causal models were realized using the rationalization procedure of
Section V. Fig. 7 shows the PEF of the rational model obtained by using
second order in the causal dimension (g=2). The infinite length reflection

coefficient sequences {pl(k)} and {pz(k)} were truncated to 5 terms and 3 terms,
respectively, i.e.
o1(k) = [py(k) o |k|<2 op(k) = [op(k) , Jk|<l
0 s O.W. 0 s  O.W.

A second order (p=2) 1-D non-causal model was used to fit Sz(zl), giving

a total of 23 coefficients for the semi-causal model. For this case, the PEF

is given as



a)

b)
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-.0006 -.2518 -.0006 1
-.2518 1.0000 -.2518 0 m
-.0006 -.2518 -.0006 -1
1 0 -1
n
82 . = .039527
1,1 ° °
PEF Coefficients Corresponding to (p,q) = (1,1) Noncausal Model
.0278 -.0345 -.2417 -.0345 0278 1
.0209 -.2700 1.0000 -.2700 .0209 0 m
.0278 -. 0345 -.2417 -.0345 .0278 -1
=2 =1 0 1 2
n
2 -
81’2 = .038533
PEF Coefficients Corresponding to (p,q) = (1,2) Noncausal Madel
413 420 427 L4333 .435 .324 .180 .053 -.033 -.065
420 .431  .4a44 455 459 .337 .180 .061 -.029 -.062
427 444 465 484 491 X .350 .204 .076 -.0l4 -.046
433 455  .484 516 .526 .362 .218 .094 .008 -.025
.435 459 .491 .526 .537 .366 .223 .099 .015 -.016
2 (0,0) 2
{r(k,2) - rlyl(k,z)} d) {r(k,2) - rl’z(k,l)}
Fig. 5: PEFs and Covariance Mismatches for (p,q) = (1,1)

and (1,2) Noncausal Models

(0,0)
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) .0015  -.0024
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) .0006 .0056  -.0063
.0004 .0026  -.0039
] .0015  -.0024
) 0010  -.0016
3 2 1 0
n
8% = .093242

Fig. 6: Infinite Order Semicausal PEF Obtained by
Wiener-Doob Factorization
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a) Coefficients of Semicausal PEF

.329 -338 .340 -334 .321

.322 .328 .325 .313 .294
.316 .316 .306 .287 262 k
.323 -311 .286 .380 .34 ’

.311 .309 .293 .263 .234

L (0,0)

b) Covariance Mismatch, {r(k,g2) - P(k,2)}

Fig. 7: Rationalized Semicausal Model Corresponding to g=2, {pl(k)}
Truncated to 5 Terms, {oz(k)} Truncated to 3 Terms and p=2.

e e e
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2 5 3
- -m -1 - -2
Alz,,z,) =1 - % a(m0)z m_ 5 a(m,1)z moto x a(m,2)z. 2z
1°%2 end 1Tt 1%2 7 23 1 %2
m#0

The SDF realized by this model is then

2
S(z.29) = 821 - & a(m0)z;"/A(zyazp)A(7 o2y )

m#0

The coefficients {a{m,0)} can be seen to differ appreciably from the 'true’

coefficients in Fig. 6, which explains the substantial covariance mismatch

in Fig. 7.
By using g=1, truncating {pl(k)} to 15 terms and using p=2 yielded the

semi-causal PEF in Fig. 8, having a total of 24 coefficients. As can be

seen, the covariance match here is much better than in the previous case.
Also, the coefficients {a(m,O)}?z are closer to the true coefficients. This

emphasizes the importance of the leading reflection coefficients which have
the larger magnitudes. Since [see (59)].

- q -
bq(ll) = bo(zl)igl[l - p?(Zl)pg(le)] - Bg/a;,o(zl)

the coefficients {a(m,0)} will be most sensitive to {ol(k)}‘ However, the

price paid is large order models.

Semi-causal models are also obtained by solving the set of linear block
Toeplitz equations (62). Fig. 9 shows the semi-causa)l PEFs obtained for

model orders (p,q) = (1,1), (2,2), (3,3). Examination of the PEFs

for orders (1,1), (2,2) and (3,3) shows that the PEF coefficients converge
2 2 2
Also, 63.3 < 32,2 < 81,1

quite rapidly to the true coefficients in Fig. 6.
The correlation match also

and approach the limit, 62 of the infinite PEF.

gets better and these are shown in Fig. 10.
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b) Covariance Mismatch, {r(k,2) - r(k,2)}

Fig. 8: Semicausal Model Obtained Using gq=1, Truncating
{ol(k)} to 15 Terms, and p=2.
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c) PEF Coefficients of
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Semicausal Model PEFs Obtained by Solving

Finite Order Equations
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Fig. 10: Covariance Mismatches of the Semicausal
Models in Fig. 9
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Next, for causal models, the PEF corresponding to the infinite order
MVR is shown in Fig. 11. This has been obtained by Wiener-Doob factorization,
[10]. Causal models were realized using the rationalization procedure similar
to Section V. Recall that the procedure is the same except that instead of
fitting a non-causal model to Sq(zl), as in the semi-causal case, a further
factorization of Bq(zl) into minimum phase and maximum phase factors is involved
in the causal case. Fig. 12 shows the PEF of the model obtained by using q=2.
truncating {ol(k)} and {oz(k)} to 5 and 3 terms, respectively, and fitting a
second order (p=2) 1-D causal model to 52(21).

The PEF has 17 coefficients and realizes the SOF given by

_ L2 -1 -1
S(zl,zz) = B /A(zl,zz)A(z1 2 )
2 5 3
- -m -1 -m =2
A(z,,2,) =1 - £ a(m,0)z m_ 5 amDziMz;' - ¢ a(m,2)z Mz¢ .
1°%2 1 SR 122 7 5, 122

From Fig. 12(f) the covariance mismatch is seen to be quite high, though
it is less than the corresponding semi-causal case (Fig. 7(b)). Fig. 13
shows the causal PEF coefficients corresponding to q = 1, {ol(k)} truncated
to 15 terms and p = 5. The total number of coefficients is 26. The correlation
mismatch is much less than the previous case, and better than the corresponding
semi-causal case (Fig. 8(b)). Considerations of the effects of reflection
coefficient truncation are similar to the semi-causal case.

The PEFs obtained by solution of the linear equations of (88) corresponding
to causal model orders of (p,q) = (1,1), (2,2), and (3,3) are shown in
Fig. 14. This again verifies the convergence of the PEFs {Ap'q(zl,zz)} and

prediction errors, {Bg q} to their l1imiting values in Fig. 11. Fig. 15
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a) Coefficients of Causal PEF
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shows the covariance mismatches obtained with the above three causal models.
The (1,1) causal model seems to provide a surprisingly good covariance match

compared to the corresponding semi-causal model (Fig. 10(a)).

VIIT. CONCLUSIONS

We have proved a new theorem on the properties of 1-D non-causal models
which establishes convergence of PEFs, and guarantees model stability and
improvement in covariance matching properties after a finite model order.

The spectral factorization methods of [7,8] (for causal models) and [10]
(for causal and semi-causal models) realize irrational models by the solution
of an infinite set of normal equations. Theorems were proven to establish
existence and uniqueness of solutions. The SDFs realized by the Levinson
1ike computational algorithm of [7,8] were shown to converge uniformly to the
true SDF. A method of rationalizing the reflection coefficients obtained in
this algorithm was used to obtain rational models with guaranteed stability.

A method of realizing 2-D non-causal, semi-causal and causal models by
solving a set of 1inear equations [10] was considered. The advantage of this
method is that only a finite set of equations need be solved. However, these
models were not guaranteed to be stable or provide convariance match. The
results proven in this paper have shown the uniform convergence of the PEF
sequence to a limit PEF, from which model stability and improved covariance
match were shown to follow after some finite model order. These results enhance
the practical appeal of this technique.

Examples of finite order model realizations were shown for an isotropic
covariance function, which corroborated the theory developed. For this
covariance function, it was found that the non-causal model needed much larger

model orders than either the causal or semi-causal models, to provide uniformity
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in covariance matching results. The performance of the latter two models were

quite good and on par with each other.
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APPENDIX

the theorems presented in this paper.

a)

b)

For a vector
x = [x(1) x(2) x(3) .... x())]"

the Frobenius norm is defined as

Ixlle & /230
=1

i

If A is a M x N matrix, then

N
1Al &/ = aP(id)
i=1 j=1
It can be proven that
1Al e < AN ENxI

The L

lall, & /2 x40 = il

i

p O 2-norm of x is

If A is a M x N matrix then,
1all, & A (ATA)

where A(X) denotes an eigenvalue of the matrix X.

If A is square symmetric, then
-1
A, = Apax(A) o NIATSHI, = 1720, (A)

Also,

l1Axll, < I1ATllIxll,

The following definitions and properties are useful in proving

(A-1)

(A-2)

(A-3)

(A-4)

(A-5)

(R-6)

(A-7)
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and if A is M x N and B is N x L, then

14811 < lIAll, N8Il (A-8)

c) For the sequence of symmetric matrices
A, = {a(i,j)} , (3,3) =1,2,...,r forr = 1,2,...,N

let xk(Ar), k =1,2,...,r denote the kth eigenvalue of A. where
Al(Ar) Z_Az(Ar) > ... S_Ar(Ar)
Then A1 (Ai1) < A (RS) < A (ALL) (A-9)

The significance of this result [12] is that the smallest eigenvalue
of a matrix sequence is non-increasing with size, and is useful in

establishing upper bounds.

Proof of Theorem 1:

Let S(z) be analytic in Z; = {y < |z| <1/y, 0 <y < 1}. The PA condition
on S(z) yields i) {r(2)} forms a positive definite, exponentially bounded
sequence, i.e. |r(2}| < Bylzl, Ve, ii) S’l(z) js PA in some

Z, ={a<|z] <l/a, 0<a<l1}. Therefore, if S'l(z) =¥ rwz?t

==
z €1, then [r7(2)] = Aalll, ¥e. From (27), for the infinite non-causal

MVR we have

shz) = 31~ £ azy (A-10)
8 -

240

which means r (0) = li , and a(Rr) -Bzr‘(z). V2. Since r (1) is
8

exponentially bounded, this means |a(%)]| < Aezalll , Y2 and, the limit PEF
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A(z) =1- a(z)z'l is PA in ZZ' Now, subtracting the realization equation
= e
L#0

(32) for the pth order model from (26) for |n|sp, using the definitions in

(33), and defining a vector v_ with elements v (n) = } a(&)r(n-2), {n|sp,
P P |€]>p

we get
a2 02
Rp[gp-g] = (8 -fsp)lp ty,
where a 2 [~a(-p) - a(-p+1) .... -a(-1) 1 -a(1) .... a(p)]" .

Now, using (33a) and defining

2
' A B
il (A-11)
]
we get from the above equation that
-1
LI = R
ép a P !p

Taking || +||, norms on both sides of the above equation and using (A-7) we get

la: -2l < | R 1Nyl

Using the bounds for {r(%)} and {a(2)} and evaluating the norm of !p, we obtain

2 p+2
, - A 1-
lag-all, < anluz[2 Tovy 12 }u"

Denoting the term in square brackets by C and noting that |x(1)| < H5“2 for

any arbitrary x, the above inequality yields Ia&(k) -a(k)} < anaﬁlzap for |k|ls<p. Using
(A-8) and the fact that Xmin(Rp) Z-Xmin(Rp+1) 2> iiens >R = inf(S(w)] =C',

[see (A-9)] we obtain la;(k) -a(k)| < C"P , ¢* & c/c'. Since of <ol alkl

for |k| < p and o; = /o , we finally obtain

Jas (K)-a (k)| < crabalkl (k| <0 (A-12)
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With the above exponential bound in (A-12), it becomes a simple matter to
establish uniform convergence of the sequence of PEFs {Ap(z)} to A(z) [16].
To see this, we write the expression for |A6(z)-A(z)|, use (A-12) and the

bound for |a(2)| to yield
p - -
[A(2)-A(2)] < €of 2 ¥z ™® 4+ a?l § (alzD*+ § (el
k=-p k=p+1 k=p+1

8

a
In the neighborhood Z = {31 <lzf <= a,<6<1} the above bound can be

proven to be

Ay (2)-A(2)] < € eP (A-13)

where C>0 and O<e<l are constants depending on as 8, etc. Substituting

for gfp in terms of gp [see (A-11)], it is easy to prove that

2p 2.2
CB € B -B
] o L B® g )
|Ap(2)-A2)| < —f—+ e £, (A-14)

where C' = inf[|S(z)|] in some neighborhood of |z| = 1.
Hence, {Ap(z)} converge uniformly to A(z) in some neighborhood of |z| = 1.
It has been proven that {sg} is a monotone non-increasing sequence. Since S(z)

is PA, g2

in (30) exists and the sequence converges to this limit.

Stability: Since S{(w) > 0 and analytic, A(w) is analytic and has no zeros
on the unit circle. From (A-14) we obtain Ap(w) > Alw) - ep. Hence, a model
order p, can be chosen so that for all p > Py infl[A(w)] - ep > 0, guaranteeing

stability of all non-causal models of order greater than Po-

Correlation Match:

< c§; |S(w)S,(w)] < K'eP

22 g2

In writing in the above we have used (A-11), (A-12), the least upper bound for

For p > p,s IS(w)-Sp(w)l =

S(w) and the fact that Sp(w) can be uniformly bounded from above for P>p,- If

LR S e
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{rp(k)} denote the covariances realized by the pth order model, then

[Pl = 7001 < g £ 18() - Sp(u)ldu < KieP

Thus, the correlation match gets better (exponentially so) with increasing model
order.

Proof of Theorem 2:

Subtracting the realization equation (42), for the infinite order MVR from

(48), the realization equation for the (p,q) order model, for (k,z)ew3 and using
the definitions in (49), we obtain

2 q
R [a -al=[8" -8 11 + z z a(m,n)r(k-m,2-n) + %
P,9—P,q - —$,9 m=-p ln|>q

TN

.9

z a(m,n)r(k-m,2-n)
n=-q |m|>p

(k,!Z.)eN3
where a is the vector of elements {a(m,n)}, (m,n)ew3 arranged corresponding to
the elements of gp’q.

The summations are interpreted as vectors with elements
indexed in (k,%).

Defining
v b8 g2 -
3,q B 2 (A-15)
P,q
we can write
-1 P q
a! -a=R- [z z (H+ 2 T ()], (k,)eN
_p’q p!q m=_p lnl)q 3

n=-q |m|>p
where (+) denotes the quantities to be summed, i.e. {a(m,n)r(k-m,z-n)}.

Now taking Frobenius (]| -

|g) norms on both sides of the above equation,
using (A-8), the bounds in (4) for r(k,2) and a(k,%), and evaluating the

resulting summations, we find that for some positive constants °1'°2'°3'

' -1 Pac o340 oPo9
”E.p ,q'é.” FS ”Rp \q ”2(c1°‘1"'cz°2"'c3°‘1°‘2)

[N A
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Using (A-6), HR;Iqllz =1/x . (R ). Also, since A . ( ) is monotonically

min' p,q Psq

non-increasing with increasing (p,q) [see (A~9)] with 11m1t1ng value S = inf S(wl,wz),

the above bound may be written as

. 2
(m.ﬁ)ew [ay q(mm) - a(mn)] S(C af+C503+C4a503)

Hence, 1im px [a! (m,n)-a(m,n))2 =
PG m,new3 4

This implies that

lim = lat (m,n) - a(m,n)| =0 (A-16)
P Qi m,nsw3 P.a

i.e. the sequence {aé q(m,n) - a(m,n)}, indexed in (p,q), with (m,n)ew3 is

absolutely summable on the unit circles, |21| = |22| = 1 and converges to zero
as (p,q) + =
Now
A (2,2,)Mzpoz) ] = | 1 Tal (ka)-alkon)lzp'z,™
p,q 1’72 1°72 (k’2)€w3 P»q 172
-1 alknzfst

(ky2)gWy

Using the bound for a(k,%) and evaluating the second summation, we get

for some positive constants KI’KZ’

\Aé’q(zl,zz)-A(zl,zz)l < k,z . |2y o(ks2)-alk, ]+ Ky P+ Kad ;
[z, = 1zp] =1

Letting e(p,q) = I (k,2)-a(k,2)| + Ko} + K,o3

|a}
P,q
k,R,eN3

we have

e 2d
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lAé,q(zl’zz)-A(zl’zz)l < E(D,Q) Y IZI‘ = ‘Zzl =1 (A-17)
Since lim e(p,q) = 0 it follows that 1lim A' (z,,2,) = A(z,,z,) uniformly
Psqre (p,q)se P29 172 1°°2
on |zll = |zzl = 1.

Now, {Bs q} is non-increasing with (p,q) with lower limit 82 given by (46),

since by assumption S'l(wl,mz) exists. Thus, similar to the 1-D non-causal case,
‘Ap’q(zl,zz)‘A(zlrzz)l < E'(PaQ) N ‘le = l22| =1

This establishes the uniform convergence of the PEFs to the limit PEF on
the unit circles.

b) Stability: A(zl,zz) js PA on the unit circles. Let a = inf A(ml,wz) > 0.
Since 'Ap,q(wl’wz)'A(wl’w2)| < e'(p,q), we can find some (po,qo) < = such
that for (p,a) > (py.a,), €'(p,a) < a implying that Alw).w,) > a - e'(p.G) >0

(p,a) > (py-9,)

Hence, the non-causal models are guaranteed to be stable for
{psa) > (p,9,)-

¢) Correlation Match:

For (p,q) > (po,qo),
2
32 = Bpoq

A(wlawz) Ap,q(wl,wz) <k e(p’Q) .

IS(wl,wz)-Sp’q(ml,wz){ =

The above bound is obtained similar to the 1-D non-causal case. Hence,

it follows that

lr(k.z)-rp,q(k.z)l <k e(psq) » (psa) > (py»q,) -

A1 e bt o oo = 1
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Proof of Theorem 3:

Proof: Since 5(21'22) is PA, §(zl,22) = log 5(21’22) js also analytic
in a neighborhood of the unit circles, say, Z; = {a1<lzll<1/al, a2<lzzl<1/a2;
0<a1,a2<1}. A unique Laurent expansion for S in Z1 can be written as

§(zl,zz) = mxn c(m,n)zimzén . zl,zzez1

The above series can be decomposed as § = H' + A™ + §E [10] where

® -m, @ -m_-n
p c(m,O)z1 + L I c(m,n)zl 2,

= 0o n=1 m=-o

x
]

W= ¥ c(m,o)zim + ¥ 0z c(m,n)zimzén

M= ~c0 M==0 N==c0

(2]
]
]

™

c(m,0)z;"

m=-c0 1
and are analytic in Z, = {q1<l21|<1/a1,}zzl>a2}, 1= {a1<]zll<1/a1, \zzl<a2},
and Z4 = {a1<lzll<1/a1}, respectively. The positive monotone property of the

+ ~ -
S
exponential function implies that etH s eiH , and e © are also analytic in
22’ Z3, and Z4. respectively.

Hence, we may write

o oA
Defining A'(zl,zz) 2 e , we have

5(21’22) = aé(zl)/A'(zl,zz)A'(zil,zil)

-~

S
where aé(zl) =e €= A'(z;4=), is a 1-D SOF.
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The arguments above show that A'(zl,zz) is semi-minimum phase. With

A(zl,zz) 8. : . a(m,n)zimzé" = BZA'(zl,zz)
m,neS2
we get
S(2y.2,) = o g
A(zl,zz)A(z1 »Zy )

With the given cepstral decomposition, and the requirement that a(0,0)=1,

it follows that the decomposition is unique.

Proof of Theorem 4:

The proof of this theorem is similar to that of Marzetta's [7,8] for
ﬁn(zl,zz) from which the contention for An(zl,zz) follows. The convergence of
the SDFs can be shown similar to Theorem 1 where all the quantities are now

functions of zy. The detailed proof may be found in [16].

Proof of Theorem 5:

a) With the PA assumption on the SDF, S(zl,zz) and following the method
of proof in Theorem 2, it is easy to prove that

| 2 p q P .q
b [a! (m,n)-a(m,n)]” < C,af + C,ay + Coaja, o 0<0y,0,<1
(m,n)sz P,q 171 272 312 1°72

where

2
' 4 _8° A-18
ap’q(m,n) " ap’q(m,n) » (mn)e W, ( )
Psq
Hence,
1im b a' (m,n) - a(m,n)| =0 (A-19)
(L nad (mﬁn)ewz P9
implying that the sequence {aé q(m,n) - a(m,n)}, indexed in {p,q)

with (m,n) ¢ N2 is absolutely summable on the unit circles, and
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converges to zero as (p,q) .

Now, for Z, = {Ile =1, |22| 21,

lAé,q(Z1,22)-A(Z1’22)| < I (m’“)‘a(m’")l!zll-mIZZI-n

(m,n)eNz P»q
-m,_ -n \
+ (m,ﬁ ¢w2la(m,n)||zll |z, | 5(mfn)€w2|ap’q(m,n)-a(m,n)l
+ 3 la(m,n)| g ¢(p,q). (A-20)

(myn) W,

The PA assumption for 5(21’22) implies that {a(m,n)}} are exponentially

bounded. This and (A-18) together imply that 1lim e(p,q) + 0
P sqQre

H s 1 A
ence, lim P

. (zl,zz) > A(zl,zz) uniformly on (zl,zz) € Zl'

»q

Similar to non-causal models, it can be established that {Bg q} is a
nonincreasing sequence that converges to a positive lower limit, g8".

We now give an expression for 82, which is also given in [10].

Defining d(zl) & Bzaal(zl), and from Theorems 3 and 4, it follows
that d(zl) is PA in a neighborhood of lzll = 1, so that d'l(zl) is

Tikewise.
o
Now, 8% = ;17 £ S (o) swp)duydu, = = fM8%, (w0, )dwy
m
Thus,

g = 1/%; {: d—l(wl)dwl >0
Using (A18-A20), we obtain
1A (2,22))-Alz152,)] < [82 e(p,q)+(8% -e%)A . 1782 & e'(p,q), (A-21)
p,q+71°72 172 P,q ‘"’ P,q Anax e

zl,z2 € Z1

where A .. 8 suplA(zl.zz)l s ZpsZy € Zl.
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This proves the uniform convergence of the sequence of the semi-causal FEFs

q(zl,zz) to the analytic, semi-causal limit PEF A(zl,zz) in Zl‘

b) To prove stability, we note from (A-21) that

lrp,q-ri < e'(p,q)

and [ _-i] < €'(p,q)

P,q
where rp q° r and ip q,i represent the real and imaginary parts of
s ’
(zl,zz) and A(zl,zz) for any 2y52, € Zl' Since r and i are not
simultaneously zero, we can find some (po,qo) < = such that for
(p,q)>(po,q0), r and i are sufficiently close to r and 1,

P.q p»q
respectively. This implies that the models will be stable for

(p,a)>(pysa ).

c) We now prove uniform convergence of the spectra realized by the models
for (p,q) > (po,qo) to the given SDF on the unit circles. This in
turn implies increasingly accurate correlation match. Since for
(p,q) > (p.»q.)s A ,q(zl,zz) has no zeroes in Z,, it is semi-minimum
phase, and it is easy to establish the uniform convergence of

/Ap’q(zl,zz) to 1/A(z4,2,). Also, since aOp,q(zl) = Ap,q(zl’m)’ it
follows that aOp,q(Zl) converges uniformly to ao(zl) on |21| =1
Since 82 -*82 monotonically, and since the PEF sequence can be
uniformly bounded, it follows that

2 ( 2
z,) 8%ay(z,)
P.q OP q 1 - 1 'zll = |22l =1

-1 _-1
Ap’q(21922)Ap,q(zl 122 ) A(ZI'ZZ)A(ZI Y4 2 )

uniformly, i.e.

|Sp,q(zl’22) - 8(2152,)| < €"(psq) lzyl = 1zl = 1

In proving the uniform convergence of the SDFs from that of the PEF

11 by = Fa SO A e oo - 2
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sequence, we obtain a bound €"(p,q) which may be weaker than e'(p,q).

However, 1im e"(p,q) = 0.
(p,q)>=

If {rp q(k,Q)} are the covariances realized by the (p,q) order model,
then,

o o
Irp,q(k,l)-r(k,l)] 5—4—;2— {ilsp,q(wl,wz) - S(wl,mz)ldmldm2 = £"(p,q)

This proves that correlation match gets increasingly better with

(Psa) > (pg»a,).
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